Introduction
Let f : U ! C be a regular function on a smooth quasi-projective variety U. For This mixed Hodge structure can also be obtained 24] by compactifying f as a map F : X ! P 1 with X smooth, and by constructing a mixed Hodge module structure on the nearby cycles at t = 1 of the sheaf R Q U , if : U , ! X denotes the inclusion: one obtains the Steenbrink-Zucker limit by taking the global de Rham complex of this mixed Hodge module on F ?1 (1) .
This paper proposes to recover this limit mixed Hodge structure using Fourier transform techniques. The main object is the D X ]h@ i-module + E ? f , where E ? f is O U ] equipped with the natural D X ]h@ i-action twisted by e ? f , and still denotes the inclusion U Spec C ] , ! X Spec C ]. This module is holonomic but not regular in general, so does not enter in the frame of mixed Hodge module theory. However, as + O U is regular on X (Grothendieck comparison theorem), + E ? f is regular along = 0, so one may compute the vanishing cycles along = 0 of its de Rham complex using the Malgrange-Kashiwara ltration and apply a procedure analogous to the one of 23].
In x1 some known facts concerning Fourier transform with parameters of sheaves are recalled. In x2 Fourier transform with parameters of holonomic D-modules is introduced and a proof of a comparison theorem between both kinds of Fourier transforms is given, in the case of regular holonomic modules and their de Rham complex (such a theorem is also proved in 5] in a more general situation and the case without parameters is treated in 14]).
The main result of x3 is that one may apply the theory of Malgrange-Kashiwara ltration to Fourier transforms of regular holonomic D-modules to compute the nearby and vanishing cycles along = 0. Section 4 is dedicated to Hodge theory of vanishing cycles at = 0 of the Fourier transform relative to f of + O U (and also the nearby cycles), namely the D X -module mod + E ? f . A ltration naturally de ned in terms of a natural ltration on + E ? f is put on this object (following the method developed by M. Saito 23] using the Malgrange-Kashiwara ltration)
and it is shown that the isomorphisms of xx1,2 identify this ltered module with the mixed Hodge module of nearby cycles at in nity p 1=F (R Q U ) de ned by M. Saito. In x5 applications are given to the computation of the limit mixed Hodge structure of Steenbrink and Zucker in terms of the Fourier transform of the Gauss-Manin system of f.
The reader is refered to the appendix for the notation which is not de ned in the main course, in particular for the conventions used concerning perverse functors.
I thank B. Malgrange for simplifying and clarifying some statements and proofs of a previous version of the paper.
Sheaf-theoretical Fourier transform
We review here some variants of well-known facts concerning the Fourier transform of nonnecessarily homogeneous sheaves (see 14] and the references given there, see also e.g. 11, chap. III] for the Fourier-Sato transform of homogeneous sheaves on a vector space and 4, 12] for thè -adic analogue).
Some notation. | In the following, A 1 will denote the a ne line with a ne coordinate t and A 1 the a ne line with coordinate . In this section they will come equipped with their analytic topology. Let P 1 = A 1 f1g be the projective line and let " : e P 1 ! P 1 be the real oriented blowing-up of P 1 at 1. We have e P 1 = A 1 S 1 and we denote = arg t the coordinate on S 1 .
Consider the following diagram Let Q L 0+ be the constant sheaf on the closed set L 0 + extended by 0 on e P 1 A 1 . Let Q L ? be the constant sheaf on the open set L ? extended by 0 on e P 1 A 1 . In particular, the restriction of Q L ? to e P 1 f0g is equal to the extension by 0 of the constant sheaf Q A 1 .
We hence have a triangle of D(Q e Fourier transform. | Let X be an analytic manifold. We use the same notation for the diagram obtained from the previous one after taking the product with X. We will use the two following functors of triangulated categories To prove the second point, it will be convenient to consider also the real blowing up of + is an isomorphism: indeed, it is enough to verify this above = 0 (because r is an isomorphism above 6 = 0); the assertion comes from the fact that the bre of r above ( ; 0) is the set of satisfying cos( + ) 0, hence is a closed interval.
It follows from this remark that we may compute F ir X (F) using X e P 1 f A 1 and X f L 0 + with a formula analogous to (1.2) . After a little manipulation, we see that it is enough to show the following, taking for G the inverse image of the complex e { ?1 R e k F by the natural map X Z ! X S 1 induced by the rst projection:
Given any R-constructible complex G on X Z, consider its inverse image ?1 G by the projection : X Z 0; +1 ! X Z. Then (2) Let : L 0 + , ! e P 1 A 1 ( X) be the closed inclusion complementary to (see x1.5).
To obtain the morphism (2.5) it is enough to prove that ?1p DR mod k + (p + M E ? t ) = 0:
This is a local problem on X an . If this is proved, one has, putting K = p DR mod k + (p + M E ? t ),
and this last term is exactly the RHS in (2.5). Now, the fact that this morphism is an isomorphism is also a local problem on X an . We keep notation of section 2. We shall show in this section that the D X A 1 -module F F (j + O U ) (and more generally F X (M) for M holonomic on X A 1 and k + M regular on X P 1 ) is strongly regular along = 0. To this end, we rst recall the main properties of the Malgrange-Kashiwara V -ltration of a holonomic D-module along = 0 as well as a criterion of regularity along = 0, which allows one to express the nearby and vanishing cycles + Z C (in general one has to x a total order on C, but, for our purpose, it will be enough to assume that the lattices are contained in Q, i.e. that the roots of the corresponding Bernstein polynomial are rational) which satis es the following properties: Remark. | The rst de nition can be used to de ne regularity along a nonnecessarily smooth hypersurface.
For 2 C , let N be the rank one meromorphic connection on X A 1 with poles along X f0g generated by , where e 2i = (such a connection depends only on and not on the choice of ).
We shall say that M is strongly regular along X f0g if M N is regular along X f0g for any 2 C .
Remarks.
1. It is not known if both conditions (regularity and strong regularity along X f0g) are equivalent, but this is a reasonable conjecture.
2. Regularity (or strong regularity) of M along X f0g is equivalent to regularity (or strong regularity) of the localized module M ?1 ].
One can de ne in an analogous way the notion of regularity or strong regularity for a bounded complex with holonomic cohomology. Thanks to the theorem of Mebkhout 18] , saying that the irregularity complex along X f0g of a holonomic D-module is a perverse complex, the regularity (or strong regularity) of such a bounded complex is equivalent to the regularity (or strong regularity) of each of its cohomology modules (for the strong regularity statement, one uses the fact that N is O-at). We will give the proof for mod , letting the proof for mod ;1 to the reader. To prove the theorem we will compute locally the V -ltration for the modules involved and will show rst that there exist locally strict isomorphisms between both terms in (4.2). To show that the isomorphism (4.2) is indeed strict, we will use a trick due to M. Saito Proof. | Remark rst that, thanks to lemma 4.7, U E is an increasing ltration which is in fact discretely indexed, U U ?1 with equality for < 0 (this follows from 4.7- (2) We deduce from this fact the existence and uniqueness of the decomposition 4.11-(1), as well as the fact that " 2 V < E if and only if a?1; (+1) if g a;b; 6 = 0 (i.e. 4.11-(2)). For " 2 V E we have at our disposal two Newton polyhedra: the rst one N(") is attached to any " 2 E, using the unique decomposition We deduce easily from this remark the following consequences, hence 4.5- (1): 1. For all`2 N, the morphism N`: gr V E ! gr V E is strict with respect to the ltration W gr V E. From this description we also deduce (4.12 Hence 0 has order < 1 with respect to V M. It which induces the exact sequence of the theorem after taking the graduation by the V -ltration. Let us show that it is strict with respect to the Hodge ltrations:
In an analytic neighbourhood of a point of X = X ? F ?1 (1) , an easy computation shows that mod ;1 ( + E ? f ) = 0 and the statement is clear. In an analytic neighbourhood of a point of F ?1 (1), the strictness follows from the local computation of lemma 4.11.
From the rst part and cor. 1.13 it follows that this sequence is isomorphic (with ltrations and rational structure) to the exact sequence (2.22.1) in 24], so is an exact sequence of mixed Hodge modules. 2 
Hodge properties of the Gauss-Manin system and its Fourier transform
We keep assumptions and notation of x4. We will now consider Hodge properties of the nearby or vanishing cycles of the Fourier transform \ Rf p Q U at = 0. Remark rst that, since are mixed Hodge structures. Moreover the ltration W is a ltration by mixed Hodge substructures. 2
Remark. | Since the Hodge ltration is usually decreasing, we use the convention G = G ? to obtain a decreasing ltration from an increasing one. The notation (k) corresponds to the Tate twist (2i ) k . More precisely, the rst object is isomorphic to the Steenbrink-Zucker limit p 1=t p R i f p Q U after a twist by n.
The spectrum of f at in nity. | Following J. Steenbrink We de ne in an analogous way SP ? p ( \ Rf p C U ); S by using the ltration G . We de ne in the same way the relative de Rham complex for a projection.
Duality. | The duality functor (denoted D or D X ) is centered in such a way that it preserves holonomic modules. 
